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Abstract. We investigate a class of spatially compact inhomogeneous spacetimes. 
Motivated by Thurston's Geometrization Conjecture, we give a formulation for 
constructing spatially compact composite spacetimes as solutions for the Einstein 
equations. Such composite spacetimes are built from the spatially compact locally 
homogeneous vacuum spacetimes which have two commuting Killing vectors by gluing 
them through a timelike hypersurface admitting a homogeneous spatial slice spanned 
by the commuting Killing vectors. Topology of the spatial section of the timelike 
boundary is taken to be the torus. We also assume that the matter which will arise from 
the gluing is compressed on the boundary, i.e. we take the thin-shell approximation. 
By solving the junction conditions, we can see dynamical behavior of the connected 
(composite) spacetime. The Teichmuller deformation of the torus also can be obtained. 
We apply our formalism to a concrete model. The relation to the torus sum of 3- 
manifolds and the difficulty of this problem are also discussed. 
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1. Introduction 

A compact 3-manifold is an essential mathematical framework to study the evolution of 
the universe in the gravitational viewpoint. Nevertheless to prepare a concrete compact 
3-manifold which is useful for investigating the universe we cannot help assuming very 
high symmetries. Especially, homogeneous compact 3-spaces are representative but as 
well- discussed it is very special situation. Then, how can we get more general compact 
3-manifold and study it? 

The well-discussed direction is to reduce the symmetry of compact 3-manifolds. 
A remarkable trial is to introduce the Gowdy spacetime which admits the U(l) x U(l) 
symmetric metric with spacelike group orbits JIJ . Since it contains partial inhomogeneity 
(along one direction), some important researches have been done on it about the role 
of its inhomogeneity. Inherently, however, the Gowdy spacetime must have the same 
topology as corresponding compact homogeneous spacetime 0. So, it will not do for 
exploring the role of topology in general relativity (we know a unique exception [Q]). 

On the other hand, to grope for the way to approach compact 3-manifolds with 
general topologies, well believed Thurston's conjecture becomes a good guiding principle. 
This conjecture, which is called the Geometrization Conjecture, states that any compact 
3-manifold can be decomposed along embedded two-spheres and tori into domains, each 
of which admits one of eight types of geometric structure, i.e. a locally homogeneous 
metric [Q. From this conjecture we expect that each compact 3-manifolds can be 
modeled on by an appropriate combination of homogeneous building blocks and the non- 
trivial connections between them. When we hope to deal with a compact 3-manifold with 
general topology in the general relativistic context, it is important to understand how the 
dynamical degrees of freedom are assigned to. In the viewpoint of the Geometrization 
Conjecture, we may say that the whole of the dynamical degrees of freedom of the 
compact composite 3-manifold is substituted for by those of the compact homogeneous 
manifolds and the matter connecting them. 

Such a composite structure has never been regarded important in the context of 
general relativity. Of course, it might be natural to consider that our spacetime has 
no composite structure. Nevertheless we consider the composite structure possesses 
important meanings because to understand the relation between the topology and 
geometrical dynamics totally, we should prepare all 3-manifolds and study their 
geometrical dynamics. Furthermore, this total study about the topology and geometrical 
dynamics will become strong aim to explore the general evolution of all solutions of the 
Einstein equations and the universe created through quantum process. 

Before we describe our procedure to construct the composite spacetimes in detail, we 
clarify the concept of the composite structure of the 3-manifold. A compact 3-manifold 
is composite if it admits non-trivial prime decomposition, i.e. the decomposition along 
the embedded two-spheres. The prime decomposition yields three kinds of prime 
manifolds, spherical types (which, if the elliptization conjecture is true, are compact 
quotients of the homotopy three-spheres by the discrete subgroups of SO (4) acting 
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freely and orthogonally on the homotopy three-spheres), S 2 x S^'s, and K(ir, l)'s 
(which are irreducible and their universal covers are contractable). While the first 
two components cannot be decomposed any more, the third ones may subject to the 
torus decomposition JJ. Then, finally one can get the most simple pieces of compact 
3-manifolds, i.e. if the Geometrization Conjecture is true, they are modeled on one of 
the eight model geometries. 

Morrow- Jones and Witt || studied about spacetimes with general topology by 
constructing the compact locally spherically symmetric 3-manifolds glued along two- 
spheres, i.e. connected sum of 3-manifolds. However, the torus-sum of 3-manifolds has 
not been studied yet. Our study was initially motivated by the shortage of understanding 
of the latter kinds of 3-manifolds in general relativity. 

Our basic knowledge needed below is that of the spacetime constructed from 
a compact locally homogeneous 3-manifold. Fortunately, it is well understood in 
connection with extensive study of the Bianchi models |7|], i.e. spacetimes with global 
spatial homogeneity which is implicitly assumed to be open except the Bianchi type 
IX that is naturally closed || |9|, |H], [□], [TJ, [U| . The most important progress of these 
studies of spatially compact locally homogeneous spacetimes (SCLHSs) is that they 
succeeded to bring about global degrees of freedom associated with compactifications 
of spatial sections, which, in fact, carry the dynamical degrees of freedom. More 
precisely, applying a prescription given by Tanimoto, Koike and Hosoya (TKH) fTT|j , 
we can consider non-isometric deformations of compact locally homogeneous spatial 
hypersurfaces leaving their universal cover globally conformally isometric, so called the 
Teichmuller deformation. (Because their approach is crucial for our purpose of this 
paper, we briefly review their construction of SCLHSs in section |^.) 

Our strategy for constructing spatially compact composite spacetimes is the direct 
application of TKH's construction of SCLHSs. Briefly, the SCLHSs are regarded as 
the building blocks of composite spacetimes. As mentioned above, other dynamical 
degrees of freedom are assigned to the matter connecting them. As a simple setup, we 
assume that the dynamics of the matter is approximated by a thin shell. That is, the 
well-known junction method |14| is applied to connect the SCLHSs. Of course, this 
simplification might discard several important features of inhomogeneity. Nevertheless 
we believe that we can recognize some interesting aspects of the compact manifold with 
general topology. 

Let us assume that two SCLHSs, each of which contains a commuting pair of the 
Killing vectors and satisfies the Einstein vacuum equations, are given. The existence of 
the commuting Killing vectors ensures the SCLHS has a homogeneous torus section since 
the fundamental group of the spatial section contains at least one commuting relation. 
Then cut each SCLHS along a timelike hypersurface and glue the resulting boundaries 
which admits a foliation by spatial leaves diffeomorphic to the homogeneous tori so as 
to satisfy the junction conditions, and one get a composite spacetime as a solution of 
the Einstein equations. 

The organization of this paper is as follows. In section |2|, we briefly review 
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the construction of SCLHSs along the line of |Tl[. In section 0, we formulate the 



way of constructing the spatially compact composite spacetimes with the help of the 



prescription given in section |2| and the well-known junction method of Israel [14]. In 
section |], we apply the formalism given in the preceding section to construct a simple 
model, a composite spacetime whose spatial section consists of a compact quotient 
modeled on E 3 with a vacuum Bianchi type I solution (Kasner solution) of the Einstein 
equations and a compact quotient modeled on Sol with a vacuum Bianchi type VI 



solution (Ellis-MacCallum solution 1151) of the Einstein equations. We shall see there 
the spacelike section of the glued spacetime is topologically a compact quotient of Sol. 
Also, the dynamical behavior of the resulting spacetime is discussed. Summary and 
discussions is asserted in section [|. 

2. Construction of SCLHSs 

Let us begin by setting SCLHSs as building blocks of compact composite spacetimes. 
The construction of SCLHSs have been given by Tanimoto et al ||11]| . We briefly review 
their construction. 

Let ( 4 M, g) be a smooth Lorentzian four- dimensional spacetime. We assume that 
( 4 M, g) admits a foliation by compact locally homogeneous spatial leaves (M t , h), where 
t = constant labels each leaf of the foliation and h is the induced three-dimensional 
Riemannian metric on M t . A metric on a manifold M is locally homogeneous if for any 
points x,y £ M there exist neighborhoods U, V £ M and an isometry (U,x) — > (V, y). 
Such a spacetime ( 4 M, g) is called a spatially compact locally homogeneous spacetime 
(SCLHS). We denote the universal cover of ( 4 M,5-) as ( 4 M,#). ( 4 M,5f) is obtained from 
( 4 M, g) by identifying the spatial leaf (M t , h) using a discrete subgroup Y of an extendible 
isometry group, a subgroup of an isometry of M t which preserves M t , acting freely on 
Mt- 

The reason why we consider not the isometry but the extendible isometry is that 
if we compactify with T C Isom(M t ), resulting quotient ( 4 M,g) will not, in general, 



be remained smooth [TlJ. The definition of the extendible isometry group is given as 
follows 0: 

Definition 1 Let (M t ,h) be a spatial leaf of ( 4 M, g). An extendible isometry is the 
restriction on M t of an isometry of ( 4 M, g) which preserves M t . They form a subgroup 
of Isom(M t ). We call it the extendible isometry group, and denote it as Esom(M t ). 
Obviously, an extendible isometry a £ Esom(M t ) has the natural extension on M 
which is an element of Isom( 4 M) and preserves M t . We call such the natural extension 
on 4 M the extended isometry of a, or simply the extension of a. 

From this definition, we can conclude that the identifications on the initial surface 
(M t ,h) must be implemented in Esom(M 4 ), T C Esom(M 4 ), where T is a discrete 
subgroup of Esom(Mi) acting freely on M t , to get a SCLHS out of a given four- 
dimensional universal cover ( 4 M, g). Moreover, the identifications acting on whole 
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( 4 M, g) are determined by the action of the extension of T on 4 M. We should remark that 
all the well-known Bianchi groups are, by definition, the extendible isometry groups. 

Global deformations of SCLHSs are expressed by the evolution of Teichmiiller 
parameters which spans the Teichmiiller space, T(M), where M is a compact 3- manifold. 
We here take the definition of the Teichmiiller space same as in Koike, Tanimoto and 
Hosoya 



Definition 2 Let M be a compact connected orientable manifold of dimension 2 or 
3, and M be its universal cover. Let Rep(M) be the space of all discrete and faithful 
representations p : Ti\{M) — > Isom(M), where TTi(M) is the fundamental group of M. 
In other words, Rep(M) is the space of all covering groups V of M. A diffeomorphism 
(ft : M — ► M such that $Ji a b = fh a b, where / is a constant, is called a globally conformal 
isometry. Let GGI(M) be the space of all such diffeomorphisms. The equivalence 
relation in Rep(M) is defined by the conjugation such that: for p, p' G Rep(M) and 
a G 7Tx (M) , 

p\a) = (j)op(a) of 1 . (1) 

Then the Teichmiiller space is defined by the orbit space such that 

Rep(M) 



T(M) 



GCI(M) 



(2) 



Let us give the definition of the Teichmiiller deformation 1 1 . 



Definition 3 The Teichmiiller deformation is the smooth, non-isometric deformation 
of spatial metric h on M t which leaves the universal cover (M t , h) globally conformally 
isometric. 

We shall study how we can obtain such deformations. Consider an universal cover 
( 4 M, g) . A form of the metric g can be represented by taking the synchronous gauge 
as 0, 

gab = -{dt)a{dt) b + hiAWAiA, (3) 

where (x % )a is the invariant dual basis. Note that for vacuum solutions of the Einstein 
equations for Bianchi class A [15| (i.e. types I, II, VIo, VIIo, VIII, and IX) and type V, 
the metric components hij(t) in (||) become diagonal by diffeomorphisms [16| such that 

9ab = -{dt)a{dt) b + MOW-OC 1 )* + M*) (AOA + ~h 3 3{t){X 3 )a{X 3 )b- (4) 

Next consider the initial identification, M t — > M t /T = M t , where T G Esom(M t ). 
By taking conjugations by the global conformal isometry with respect to Esom(M t ), we 
obtain a representation up to conjugation such that: for a, (3, 7 G 7Ti(M t ), 

( a 1 \ ( b 1 \ ( c 1 \ 



p : {a,/5,7> ^ T 



\ a J 



b 2 
\ b3 J 



(5) 
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where each component vector forms Esom(Mi), i.e., 
/a 1 \ 



a G 



(6) 



where £j's are the (local) Killing vectors which form the Lie algebra of Esom(M t ). 

Finally, we should consider how to relate the initial identification V with given 
Teichmiiller parameters which are defined on a compact 3-manifold intrinsically. By 
noting that the local structures of (M t , h) are naturally inherited from its universal 
cover (M t , h), the induced metric h on M t is given by 



h. 



ab 



M^CxW)* + h 22 (t)( X 2 Ux 2 ) b + M*)(A(x 3 



(7) 



The functions hair's are constant on M t . Hence, we can transform this metric by using 
the homogeneity preserving diffeomorphism |8], |TU| to 

Kb = fSMXix'^b, (8) 

where / is a constant on M t , (x H )a is an invariant dual basis expressed in terms 
of the transformed coordinate. By this transformation, T is also transformed and 
we denote it with a prime, V. In fact, T' includes the metric components, i.e. 
T' = r(i). Since the metric @ is conformally equivalent to the standard metric on 
M t , /iStandard _ 5ij(x % ) a {x^)b^ we can take conjugations of T' by the global conformal 
isometry with respect to Isom(Mt) so that we can relate the initial identification T with 
the Teichmiiller parameters given intrinsically on a compact 3-manifold M, i(M) = M t , 
where i denotes the embedding of M into 4 M. Thus, by the fact that T' involves 
the metric components, the Teichmiiller parameters can be expressed by the metric 
components appearing in (^) and the parameters of initial identification. In this way, 
we can regard the Teichmiiller parameters as the dynamical variables. This finishes the 
task. 



3. Formalism of the construction of composite spacetimes 

In this section, we give a formulation to construct a composite spacetime which consists 
of SCLHSs as building blocks and timelike shells connecting them. As mentioned, we 
consider only the case that the timelike shells are foliated by homogeneous spacelike 
tori. 

As a fundamental construction, we consider the gluing of two different SCLHSs 
along two timelike shells. (However, these two shells are equivalent.) Of course, we can 
apply the prescription given below to the gluings of many SCLHSs. 



3.1. Topological decomposition 

Let ( 4 Ma, Qa) and ( 4 Mb, ##) be two vacuum SCLHSs, each of which admits at least one 
pair of two commuting local Killing vectors. That is, if (£a)« and (£b)i denote linearly 
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independent local Killing vectors of SCLHSs, two of them in each SCLHS satisfies 

[(£4)1, (CO2] = o, [(6,)i,(6,) 2 ] = o. (9) 

The existence of the two commuting Killing vectors is the necessary condition so that 
we can cut out a locally homogeneous torus from a compact locally homogeneous 3- 
manifold. The fundamental groups tt 1 (M a ) and tt 1 (M b ) is also necessary to contain at 
least one commuting relation such that: 

iti(M a ) = {ocaiPaiIa I [ou, A4] = 1, the other two relations), (10) 
iti(M b ) = (aB,(3B,lB I [ocbiPb] = 1, the other two relations), (11) 

where [a,/3] := a/Jo; -1 /? -1 . 

The first step is to cut out each SCLHS along a timelike hypersurface which admits 
a foliation by locally homogeneous tori. We denote two SCLHSs as ( 4 M x ,gx)- Let 
(d 4 Mx,qx) be a timelike hypersurface to which two commuting Killing vectors are 
tangent. Let (Y, x ,o- x ) be a spatial section of (<9 4 Mx, gx)- Then each (Ex,a"x) is 
the Killing orbits of two commuting Killing vectors (£x)i an d (£x)2- Therefore, Ex 
is diffeomorphic to T 2 and is represented by the fundamental group, 

n 1 (Z x ) = (ax,f3x I [a x ,Px] = l). (12) 

Its representation up to conjugations of the globally conformal isometry with respect to 
Esom(Ex) is given by 



{px(a x ),Px((3x)} =■ {ax,b x } 



x 
>x 



b 2 x 
\b x J 



(13) 



Obviously, however, this representation is redundant. Since only (£x)i and (£x)2 he in 
Ex, the third components a x and b x of the above representations, i.e. the components 
of the basis (£x)3, must be zero. Thus, the representation of ni(Ex) up to conjugations 
is given by 




Tx|s x — {ax\z x ,bx\z x 

Also, the initial identification of M t is represented by 

Tx = {px(ax), Px(Px), Px{lx)} =■ {ax,b x ,c x } 
( ^ 



(14) 



a x \ 
\ / 



lb\\ 

b\ 

\ / 



c 2 x 

V4 y 



(15) 



3.2. Geometrical decomposition 

Consider the local (i.e. geometrical) description of (d 4 M x ,q x ). Let us introduce the 
orthonormal basis on (& i M x ,q x ), {{r x ) a , (e Xp ) a } (p = 1,2), where (r x ) a = (exo) a 
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represents the timelike basis. By using its dual, {{j x ) ai {Q x )a}, we can write the metric 
q x as 

(qx)ab = -(rx)a(rx) b + S pq (6 p x ) a (9 q x ) b . (16) 

Let (n x ) a be a unit normal to d A M x . It is convenient to introduce the Gaussian normal 
coordinate system in the neighborhood of (d A M x , q x ) for expressing the embedding of 
(d 4 M x ,q x ) into ( 4 M x ,g x ) |T7[ . Let ( x be the Gaussian normal coordinate satisfying 
( x = constant on (d 4 M x ,q x ). For definiteness, we set ( x = on (d 4 M x ,q x ). An 
orientation of the coordinate ( x will be defined when we perform the gluing. Then, in 
this neighborhood, we can write the four-dimensional metric g x as 

(gx)ab = (qx)ab + {n x ) a {n x ) b = (q x ) a b + (dCx)a(d(x)b- (17) 

The extrinsic curvature on d 4 M x is defined by 

(K x ) ab := (q x ) a m (q x ) b n V m (n x ) n , (18) 

where (q x ) a m = 8 a m — {n x ) a {n x ) m is the projection operator onto d 4 M x , and V a is the 
derivative operator compatible with the spacetime metric g x . 

3.3. Gluing 

The next step is to carry out the gluing of two SCLHSs, (d 4 MA,qA) and ((^Mb^b). 
The gluing of the spacetime manifolds, 8 4 Ma = <9 4 Mg =: <9 4 M, requires 

S A = S B =: S. (19) 

This gluing can be expressed as 

Ta|e a = r B \x B =■. r| s . (20) 

Note that it is not uniquely determined. Indeed, there is a degree of freedom of one 
parameter <p 6 K. such that 





(21) 

where TZ(<fr) is the rotation matrix by angle <j). Then defining a new set of commuting 
Killing vectors of ( 4 MB,gB), 

€'m '■= Cbi cos (f)-^B2 sin 0, £' B2 := £ B isin0 + cos0, (22) 

we can explicitly represent the topological gluing (|20| ) such that 



4 = . fl M b\\ = b B 

Thus, we obtain a representation of the initial identification on E, 





6 



2 



(23) 



(24) 
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When we glue 8 4 Ma and d 4 M B together, we require that the induced metrics on 
O^Ma and d^M B are to be isometric, (qA)ab — ( a B)ab ='■ lab- Using the orthonormal basis 
introduced above, we can express the condition such that 

(r A ) a = (r B ) a , (6 A ) a = (6 B ) a . (25) 

However, the extrinsic curvatures on the timelike boundaries, in general, cannot be 
continuous but have discontinuity expressed by the surface energy-momentum tensor 
on d 4 M. It is defined by the integral of the four-dimensional energy momentum tensor 
projected onto d 4 M over the infinitesimal interval / = [— e, e] along the Gaussian normal 
coordinate orthogonal to d A M 

S ab := f A T mn q m a q n bd(. (26) 

That is, we consider the case such that there is a delta-function singularity on <9 4 M. We 
define the region of £ > to be ( 4 M^, g^) and that of ( < to be ( 4 M B , g B ). 

Thus, the junction condition, which was formulated by Israel |14] , is given by 

S mn {K mn } = fT mn n m n n \ (27 a) 

D m S ma = -fT mn n m q n a l (276) 

[K ab ] = -8tt (s ab - ^Sq ab ^j , (27c) 

where D a is the derivative operator compatible with the induced metric q a b on <9 4 M, 
5* = q mn S mn , and we have used the following notations, 

[*] := lim(^ A | c=e - *B|c=-e). 

E—>0 

W == ilim(^|c= £ + ^B|c=- £ )- 

By solving the above junction condition, we can obtain the dynamics of <9 4 M, i.e. the 
metric on d 4 M is determined. 

To take this opportunity, we remark that the meaning of applying the thin-shell 
approximation. Since we are trying to glue two SCLHSs admitting different geometric 
structures, to glue them smoothly we need to put a finite transition region with (at least 
one-dimensional) inhomogeneity between them. However, such a prescription forces 
us to analyze infinite dimensional dynamical degrees of freedom and investigate the 
existence of a solution of the Einstein equations for the system with which we are 
concerned. Unfortunately, we have not succeeded to demonstrate it. So, we adopt the 
thin-shell approximation to investigate the dynamics of the composite universe explicitly. 

Finally, we can consider the Teichmuller deformation of S = T 2 . We recall that 
the Teichmuller space of the torus, T(T 2 ), is homeomorphic to 1R 2 [H| and so it is 



represented, up to conjugations, by two Teichmuller parameters, r, s G K, r > 0, such 
that 



A= , /, • (28) 
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Then with the solution obtained by solving the junction condition, we can relate 
the initial identification ( |24| ) with the Teichmiiller parameters ( p8|) by applying the 
prescription given in section 0, so we can obtain the Teichmiiller deformation of the 
boundary torus. 

In the next section, we shall apply this formalism to a concrete example. We 
consider the gluing of compact quotients of vacuum Bianchi type I and VI universes 
for which the exact solutions have been known. 



4. An Example 



We study here an example of the composite spacetimes. It consists of compact quotients 
of vacuum Bianchi I and VIq spacetimes whose corresponding model geometries are E 3 



and Sol, respectively. In subsection |4~1] , we prepare the two SCLHSs and cut them 
along timelike hypersurfaces which admit a foliation by locally homogeneous tori. In 
subsection fO, we perform the gluing. 



4-1. Preparation of SCLHSs 

4- 1.1. Compact quotient of vacuum Bianchi type I spacetime Bianchi I group is the 
3-dimensional translation group M 3 and characterized by the Lie algebra 

= (i,j = 1,2,3), (29) 
for three Killing vectors In terms of the coordinate basis (£i)j's are given by 



(6)l = ^' (ei)2 "|? (6)3 ~^' 



(30) 



where (xi, yi, z\) = (x 1 , x 2 , x 3 ). The finite actions generated by these (£iV s are given by 

(31) 



/ 


a 


\ 




f 


X 


\ 




( a + x 


\ 




b 








y 




-\ 


b + y 




V 


c 


J 




V 


z 


J 




\ c + z 


J 



where the component vectors 
i ( a\ 



,c(6)3 e 6(6)a e a(6)i I a hc e 



(32) 



b 

\ c ) 

form the Bianchi I group. The invariant dual basis of Bianchi I group is given by 

(Xi) 1 = dx h (xi) 2 = dy h (xi) 3 = dzi. (33) 

Then the invariant metric on (Mu,hx) inherited from its universal cover (Mji,hi) 
can be written as 

(h) ab = (hi)MM) b , (34) 
where (hj)ij is a constant matrix. 
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Let ( 4 M[, <?i) be a vacuum, spatially homogeneous spacetime which has the Bianchi 
I group acting transitively on M\. The general Bianchi I vacuum solution of the Einstein 
equations is well known as the Kasner spacetime given by 

(9l)ab = -(dti) a (dti) b + ^(dx^aidx^b + t^ 2 {d V i) a {d V i) b + tf* {d Zl ) a {dzi) b , (35) 

where Yli=iPi = Yl^=iPi = 1- The space of solutions (modulo isometries) is 
characterized by just one parameter which takes on a circle in (pi,P2,Pz) G the 
intersection of the unit 2-sphere with the plane. 

Now we consider the initial identification of ( A Mj,gi) which yields a SCLHS, 
( 4 Mi, gi). For a compact quotient of (M\t, hi), we take a three-torus, T 3 , modeled on E 3 , 
whose fundamental group is given by 

TTi(Afi) = (on, A, 7i I [a, 13] = 1, = 1, [7,"] = !>• (36) 

Its representation up to conjugations with respect to the Bianchi I group (however, no 
non-trivial conjugation exists, see fl3"ID) is given by 



Ti = {cii,^, Ci} 





(a\ \ 






(4\ 




J 


of 






A 4 


j 




\ a * ) 






\4/ 





(37) 



These three vectors must be linearly independent. 

We cut out the spacetime ( 4 Mi,gi) along a timelike hypersurface (<9 4 Mi,gi) whose 
spatial section, (E I; o~i), is taken to be the Killing orbits of and (£1)2- It means that 
if we choose the generators ai and Pi as the generators of the boundary torus Si = T 2 , 
their representations must satisfy af = = bf. Moreover, in this case, the remaining 
vector ci must satisfy cf 7^ so that the three vectors a\, bi and c\ are to be linearly 
independent. Thus, we obtain the representation on Ej, 



is, 




(3f 



Next we consider the local geometry of (cftM^qi). Since (£1)1 = d/dxi and 
(£1)2 = d/dyi lie in <9 4 Mi, the unit future-directed timelike vector (ri) a can be written 

as 



in 



From (r I ) a (r I ) a 



d_ 

dr~i 
-1, we have 



dt\ 
dr\ 



d_ 
dt[ 



dry 



2 P3 / dzj 



\dri 



+ 



-1. 



dz\ ( d 



drj \dzi 



(39) 



(40) 



The unit vector orthogonal to d 4 Mi, (ni) a , is obtained from the orthogonality with (ri) a , 



ni ) a in) 



0, and the normalization, 



{niYini) 



1, such that 



P3 dzi(d_ 
1 ovAdt 



dry V 9zi - 

up to the overall signature. We can write the induced metric on d 4 Mi as 

(gi)ab = -(n) a (n)b 1 iaL " lQl] 



h + 



(41) 



(42) 
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where (8\) a = ^(dx^a and (0 2 ) a = tj 2 (dyi) a . Then the orthonormal basis {(ri) a , {e\ p ) a } 
can be obtained by taking its dual. The extrinsic curvature on d A Mi, defined by (|I8D , 
can be obtained by a straightforward calculation: 



ab 



t 



Pi 



dz\ d 2 ti dti d 2 z\ 
1 ' dn dr 2 dr\ dr 2 

+ (pitf 



_ x dz\ 



jrz _±dz\ 



dr\ 



dr\ 
P2A 



dti^ 2 
dr\. 



[n Link 



P3-1 ^1 



dr\ 



(43) 



4-1.2. Compact quotient of vacuum Bianchi type V7 spacetime Bianchi VIo group is 
characterized by the Lie algebra 

[(£vi )i, (evi ) 2 ] = 0, [(£vio) 2 , (evi ) 3 ] = -(evio)i, [(evio) 3 , (^m = (M2 m 

for three Killing vectors (£vi )i- m terms of the coordinate basis (£vi )«' s are given by M 



d 



VIoJl 







The finite actions generated by these (£vio)«' s are given by 



<9 



5 



VIo J 3 



x V i - 



+ yvio 







dyvi ' 



/ 


a 


) 




( 


X 


) 




' a + e~ c x 


\ 




b 








y 






b + e c y 




\ 


c 


J 




\ 


z 


J 




l C + 2 


/ 



(45) 



(46) 



where the component vectors 

, f a\ 

Cvi 



3 c(£vi )3 p 6 (£vi )2 p a(£vi ) 



c ' SV1 "" I a,b,c G 



(47) 



6 

form the Bianchi VIo group. The invariant dual basis of Bianchi VIo group is given by 

(Xvio) 1 = e zvl odx YIo , (xvio) 2 = e- zvl °dy VIo , (xvi ) 3 = dz Vh . (48) 

Then the invariant metric on (Mvi t, ^vi ) inherited from its universal cover 
(Myi t, hyj ) can be written as 

(h Y i )ab = (hvi )ij(x\n )a(xirL )b, (49) 
where (^vi )ij is a constant matrix. 

Let ( 4 M V i , <7vi ) be a vacuum, spatially homogeneous spacetime which has the 
Bianchi VIo group acting transitively on Mvi - The general Bianchi VIo vacuum solution 
found by Ellis and MacCallum |15| is given by 

(^vio)afe = tyl^e^^o [-(dt vlo ) a (dt wlo ) b + Q~ 2 (dz Vh ) a (dz vlo ) b ] 

+ tyi [e 2zvi o (dx Yh ) a (dx Ylo ) b + e~ 2zvi o (dy yh ) a (dy yio ) b ] , (50) 

where Q > is a constant. 

Now we consider the initial identification of ( 4 M V i ; #vi ) which yields a SCLHS, 
( 4 Mvi , gvi ) • F° r a compact quotient of (Myj ot , hyi ), we choose a compact manifold 
modeled on Sol whose fundamental group is given by 

7Ti(M V i ) = (a V i ,/3vi ,7vio I [a,0\ = l,7a7 _1 = P^lPl' 1 = /3"a _1 ),(51) 
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where \n\ > 2. (This compact manifold is called "fl/l(n)" in ||10|| .) Its representation 
is obtained by taking conjugations with respect to the Bianchi VIo group which is 
Esom(Mvi ) = Isom(Mvi ) = (Sol and three extra discrete elements). For future use, 
we present one of the three discrete elements here. It is 

h:(x,y,z)->(-x,-y,z). (52) 

Then we find that the representation are, up to conjugations, given by 



Tvio — { a vi 0) frvi 0) c vi } 



/ 

V 



a u 2 





( ° ^ 



\ C3 / 



(53) 



for n > 2, and 



r V i — {a V i ,&vi 0) c vi } 



V 



aoUi ^ 
a u 2 




a v 2 




/ \ 



h o 



/ 



(54) 





\C 3 J 

for n < —2, with a G IR. In these representations, (u\,Vi), (u 2 ,v 2 ), and c 3 are 
determined in such a way that sign(n)e _C3 and sign(n)e C3 are the eigenvalues of matrix 
1 
— 1 n 

respectively. In particular, e C3 



, and the corresponding normalized eigenvectors are {u\,V\) and (u 2 ,v 2 ) 



rr 



4/2. 



We cut out the spacetime ( 4 M V i , gvi ) along a timelike hypersurface (<9 4 M V i , <2Vi ) 
whose spatial section, (£vi > a vi )i is taken to be the Killing orbits of (£vi )i and (£vi )2- 
In this case, we should choose the generators oti and f3i as the generators of the boundary 
torus S V i = T 2 . Thus, we obtain the representation on E V i , 



VI |£\ 




(55) 



Next we consider the local geometry of (<9 4 Mvi , <2Vi )- Since (£vi )i = d/dxyi and 
(£vi )2 = d/dyyi he in 9 4 M V i , the unit future-directed timelike vector (rvi ) a can be 
written as 



From (r V i ) a (r V i )a = — 1, we have 

dt 



dt 



VIo 



dryi \dt 







VIo 



+ 



dz 



VIo 



d 



r 1/2 e c 

r vi e 



VIo V 

drvio ' 



Q- 



dz- 



VIo 



dr< 



VIo 



rfr V i \dzyi 



-1. 



(56) 



(57) 



The unit normal to 9 4 M V i , (n V i ) a , is obtained from the orthogonality with (T V i ) a , 
( ra vio) a ( r vio)a = 0; and the normalization, (7ivio) a ( n vi )a = 1, such that 



("-VIo, 



Q 



-\dzvi ( d 



+ Q 



dt 



VIo 



(—Y 



dr^ 



VIo 



^ r vi ^ *9^vi ■ 

up to the overall signature. We can write the induced metric on d 4 Myj as 

iOVh) ab = -(7Vlo)a( r VIo)b + ^Vl o )a(0yi o )b + (^YI ) a(0y h ) b , 



(5f 



(59) 
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where (9 Ylo 



= *vio e * VI ° (^vio)a and (9 Ylo ) a = ty^'^ 10 {dyvi )a- Then the orthonormal 
basis {(rvi ) a , (evi p) a } can be obtained by taking its dual. The extrinsic curvature on 
<9 4 Mvi , defined by (|T8|), can be obtained as 



,1/2 



(^VIo) 



u6 



( ^(Q^vio^ 



G^VIo d 2 tyi 

<irvi 
rftvio 



dtyi (j d 2 Zyi \ 1 



dr V i 
dr< 



Q 



VI 



VI 



VIo «'VI 



^VI ) a (^VI ) 6 



(^VIq^^VIoV 



VIo 



( r VI )a(Tvio)6 



(60) 



Dynamics of the composite spacetime 



We are in a position to proceed to glue compact quotients of vacuum Bianchi I and 
VI given in the preceding subsections. We shall firstly consider the topological gluing, 
<9 4 Mi = <9 4 M V i = <9 4 M. The initial identification can be represented, up to a finite 
rotation of the Killing vectors on Ei = Evi =: S, as 



a u 2 



hi 



a vi 
a v 2 



from (|38|) and 



Since a\ and b\ have not been fixed yet, we have 




(61) 



(62) 



Next we consider the metric continuity on d 4 M, (qi) a t> = (?vi )a6- (EH) can ^ e 
represented, up to degrees of freedom of the choice of the orthonormal bases, as 

(Ti) a = (Tvio)a, 1?{dxi) a = t^e^o (dx vlo ) a , tf {d yi ) a = t^e"*^ (^VIo)a- (63) 

Although these equations have ambiguities of the homothetic transformations of 
coordinates, we interpret that such degrees of freedom have already been taken into 
account, i.e. T\ = r V i = r, dx\ = dxyi , and dyi = dyyi . We have 

-2VI 



f Pl 



+V2 z V i 
VIo 



From these, we obtain 



tyi — t 



P1+P2 
I ) 



f P2 



zyi 



t 1/2 e 

l YI e 



lntf 



-P2 



2 lnt vi > 



(64) 
(65) 



where we set P = (pi — P2) / (pi + P2) ■ Hence (|57|) can be represented as 



,-1/2 q 2 4 

-*VIo e ° 



VIo 



2dr ln * VI ° 



-1, 



thus, 
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It is convenient to introduce the following parameterization for the Kasner parameters: 

1 +u —u u(l + u) 



Pi 



1 + u + u 2 



P2 



1 + u 



P3 



1 + u + u 2 ' 



where a6l Using this parameterization, (|66l) can be written as 



dt 



VIo 



dr 



t V V 
l vi e 



i_4.-2 

2 2r VI 



(67) 



(6* 



(69) 



The sufficient condition of the existence of solutions of fl6"8|) is that: 
\u\ 

tYh > -Q- 

We assume that dtyi /dr > 0, i.e. tvi increases in the same direction with r. Since 
(|68|) is the first order differential equation, there exists a unique solution. The solution 
yields an orbit of the shell (tvi ( r ); z vi ( T ))- We shall note that it follows from (|68|) that 
dtyi /dr is decreasing. We will consider the consequence of this behavior below. 

Finally, we solve the junction condition ( |27o|) , fl27&D , (|27c|) . The role of the junction 
condition here is that it determines what matter is compressed on <9 4 M We can write 
the surface energy-momentum tensor S ab in the diagonalized form, 

S ab = P(r)r a r b + P 1 (r)(9 l ) a (9 1 ) b + P 2 (r)(9 2 ) a (6 2 ) b , (70) 

where p is the surface energy density and P p (p = 1,2) the principal pressure with 
respect to the orthonormal dual basis {0 p ) a on E. Since £ is locally homogeneous, p and 
P p depend only on r. These three functions is determined by the junction condition. In 
fact, we need only fl27cf ) with (|70|), 

[K ab ] = -4tt [{p + P 1 + P 2 )(dr) a (dr) b + {p + Pi~ AX^U^ + {p-P l + P 2 )(9 2 ) a (6 2 ) 



J (71) 



Thus, p, Pi and P 2 is determined as 



P 

Pi 

Pi 



-([K n ] + [K 22 }) 



7T-([^2 2 ] 
57T 



[Koo]) 



where 00-component denotes the rr-component. Applying 
have following equations: 

' dz\d 2 t\ dt\d 2 z\ _\dz\ \ ( dt\\ 2 



(72) 
(73) 
(74) 

and (§(]) to [Kab], we 



oo J 



4.P3 

'l 



1 dz\ 



dr\ dr 2 dry dr 2 

(i^VTn d 2 ty\ 



+1 



b vi e 



^VIo 



dr\ 

(it vi ^^vio 



;(Qtvio) _1 + 2gtvio ,(75) 



'VIo «'vi u/ VIo ""VIo 
f The role of the junction condition is different from that of a spherical shell. The dynamics of the 
toroidal shell have already been determined by (25), while that of the spherical shell is determined by 
( |27aD , ( [27?] ), (27c). This may be caused by the fact that no Teichmiiller deformation is induced by the 
instantaneous move of the homogeneous toroidal shell in T 3 . 
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_i<i,2i| J 1 , ,_ 1 dzyj ,^.dtvi 



w-^ir^-tfw^+Q^, (76) 



[^l^rf-^l-l-tQ^)-^-^!, (77) 

up to the overall signatures of each (Ki) a b and (i^vio)^ i- e - we ma Y change the signature 
in front of each bracket. The r-derivatives in the above equations have been determined 
by ( |B~8|) (and (f40D), and they should be read as given functions of r. 

To discuss whether the composite spacetime consists of realistic matter, we shall 
see the energy condition by writing down the energy density on the shell <9 4 M. We have 



_/ ■ 1 ,2u(i+u) f dtvh\ 2 1 1 1 ^vio i /- s 

P ~ °- 1 4t " +u2 V ^ dT ' (l+u + uiy 2Qt vlo dr 1 ' ^ 

where flBlf ) is satisfied, and hence £vi is given implicitly as a function of the proper 
time t on the shell, £vi = ^vi ( r )- Since there are the degrees of freedom of taking 
the signatures of the unit normal to d A M\ and <9 4 Mvi , and hence those of the extrinsic 
curvatures, we can control p to be always positive. As (|68|) indicates that dtyi /dr is 
monotonically decreasing, however, we find that the first term in the right hand side 
of ( fT8"D will become complex after finite-time evolution. If we regard such a complex 
energy unphysical, it is understood that the shell d A M stops. Nevertheless, it is natural 
to consider each building block independently continues evolving after that. Thus, it is 
fairly to say that this phenomenon may occur due to the break down of the thin-shell 
approximation. 

Finally, up to the problem indicated above, we can find the Teichmuller deformation 
of the boundary torus. The result is 

s = Mi^iWt) p + ?Wvi (r)- p ^ 

«o|mi^2 - ^lM2|A/(Mi) 2 t V I (T") P + (w2) 2 £vI (t)~ P ' 

where r and s are the Teichmiiller parameters defined in (|28|) . If tvi ( r ) can become 
infinitely large, both deformation parameters diverge. Also in the case that P = 0, i.e., 
the Bianchi type I region becomes plane symmetric, no Teichmiiller deformation occurs. 

5. Summary and Discussions 

Motivated by the Geometrization Conjecture for 3-manifolds, we give a new formulation 
for the construction of spatially compact composite spacetimes. It is the direct 



application of the construction of the SCLHSs formulated by TKH |[T] and the junction 
method of Israel [[14]]. The key element for it is that, to keep the local homogeneity of 
the building blocks (SCLHSs) we assume that inhomogeneities which should arise by the 
gluing of two different geometries smoothly is compressed onto the matter on the timelike 
shell. The priority of this method is that geometrical part of the dynamical degrees of 
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freedom are kept finite so that we can explicitly construct a composite spacetime as a 
solution of the Einstein equations. 

From the examination of the behavior of a composite spacetime constructed in such 
a way by gluing compact quotients of vacuum Bianchi type I and VI together along 
the timelike shell, however, we find the strange behavior of the timelike shell. Indeed, 
it terminates its evolution in finite time whereas the building blocks would continue 
evolving provided that we require the realistic matter on the shell. We interpret this 
such that our approximation, the thin-shell approximation, may not be so flexible as to 
describe the gluing sufficiently 

Also, the orbit of the shell of our example is determined in a different way from 
the spherically symmetric junctions. In the latter cases, the surface stress-energy tensor 
should be assumed and the junction conditions has a role for determining the orbit 
of the shell [14], [18[]. We think that the difference occurs because T 3 topology which 
we assume for the topology of the compact quotient of Bianchi type I does not have 
any curvature scale. We can speculate that when we consider the gluing of compact 
quotients of Nil and Sol, the dynamics will be determined in a similar way with the 
spherically symmetric junctions. 

The gluing procedure we give in this article is very restrictive so that the resulting 
spacetime must contain homogeneous tori. In fact, only from such a single gluing, 
the spacetime admits a geometric structure, i.e. it should be interpreted as the 
inhomogeneization of the SCLHS as in the case of the Gowdy spacetime. Thus, our 
model cannot change its topology without the combinations with other gluing. However, 
we remark that there is a non-trivial geometrical meaning for the resulting compact 3- 
manifolds. They are the graph manifolds which, roughly speaking, consist of the Seifert 
fibered geometries and Sol glued together along tori |21J. Since we have assumed the 
homogeneity of the boundary torus as a technical assumption to deal with the Einstein 
equations analytically, it should be removed to get the non-trivial torus sum. 

To end this article, we comment about the smooth gluing to obtain a spacetime with 
generic topology. In the locally spherically symmetric case, Morrow- Jones and Witt || 
have developed a method for getting a smooth gluing by taking into account a local 
deformation of the geometry in the direction orthogonal to the surface of symmetry. 
(Such a local deformation may also be interpreted as an example of the spacetimes 
containing a thick shell as mentioned in Section [| ) It is expected that by considering 
models which admit only two-dimensional homogeneity, e.g. the Gowdy models 0, 
it might be possible to consider a smooth gluing of the torus boundary in the same way. 
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